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Abstract. For lightweight structures in the field of architecture and civil
engineering, concrete shells with negative Gaussian curvature are frequently
used. One class of such surfaces are the skew ruled surfaces. To model such
surfaces for the purpose of form-finding, we use the line geometry model of the
Study sphere in the space of dual vectors. It allows the mapping of lines of the
three-dimensional Euclidean space into points of the four-dimensional model
space. The correspondence of minimal ruled surfaces, which are the helicoids,
with geodesics on the dual unit sphere can be handled with the dual Rodrigues
formula. This paper presents a proof of the formula and extends it to a general
form, which avoids exceptions like parallel rulings. This approach also speeds
up the interpolation algorithms for form-finding. The line geometry model, as
implemented in Rhinoceros3D’s plug-in Grasshopper, was used to design a
small thin-walled footbridge of concrete in cooperation with the TU Berlin. The
formwork was prepared with a hot-wire foam cutter at the TU Dresden.

Keywords: Geodesic interpolation - Dual numbers * Ruled surfaces
Rodrigues formula - Exponential mapping - Footbridge - Carbon-reinforced
concrete

1 Introduction

Concrete structures typically consume lots of material and thus have a rather large
carbon footprint. Therefore, building as lightweight as possible gains meaning. In this
report about our ongoing research, we present a contribution to this effort. Under the
premise “form follows force” the main idea is to minimize mass by using elements with
a high stiffness, which results from a shape with negative Gaussian curvature. The
known drawback in respect to concrete structures is the rather expensive formwork for
all non-planar geometries. This drawback can be cut by a design restriction to ruled
surfaces, because for this surface class, the formwork can be produced by hot-wire
cutting of polystyrene foam.

In the three-dimensional Euclidean space, a ruled surface is a one-parametric
smooth manifold, which can be generated by the movement of a straight line. The
family of ruled surfaces can be divided in two types: the torsal ruled surfaces, which are
the developable surfaces like cylinders and cones, and the skew ruled surfaces, which
in general have negative Gaussian curvature, apart from single rulings, which can be
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torsal. Since we want to gain high stiffness from the shapes, we concentrate on the
generation of skew ruled surfaces.

Many examples for ruled surfaces can be found in architecture and civil engi-
neering. Most prominent are the hyperbolic paraboloid, like in the work of Felix
Candela, and the rotational helicoid of one sheet, like in the concrete shells of cooling
towers and in the radio towers of Vladimir Shukhov. But these are only two examples
out of the huge family of ruled surfaces.

For the handling of general ruled surfaces, we use a line geometry model, the dual
unit sphere called the Study sphere. It is handled in the space of dual vectors with an
appropriated norm. A ruled surface in the three-dimensional Euclidean space can be
mapped bijectively into a curve on the Study sphere. Interestingly, a geodesic on
the Study sphere corresponds to a helicoid in the Euclidean space. Since helicoids are
the only non-trivial minimal ruled surfaces, geodesics are a good starting point for the
design of optimized ruled surfaces.

One way to compute the geodesics is the Rodrigues formula. Its dual version leads
to the method of exponential mapping which is shown in [1]. The design of minimal
surfaces is explained in [2]. We show how to use the formula to validate the results of
the cited papers. This includes a (short) proof that the exponential mapping can also be
used in the dual vector’s space.

The combination of geodesics yields only G°-continuous connections of surface
patches. To gain smooth surfaces, an additional smoothing step is required. This can be
done e.g. with an energy minimizer adjusted to dual numbers (see [3]), or with a
Hermite interpolation (see [4]). Certain results of convenient interpolation algorithms
shall be presented below.

The algorithms have been applied to the design of a small footbridge. It was created
in cooperation with the Faculty of Civil Engineering of the TU Berlin (see [5]). The
design only uses ruled surfaces. Technical basis was a combination of CAD and FEA
software. The footbridge was optimized in a semi-automatic process and fabricated it
with carbon-reinforced concrete. The material’s thickness could be cut down to about
6 mm.

2 The Line Geometry Model: Study Sphere

This chapter presents the dual numbers and their application to line geometry. This
leads to the dual unit sphere, called the Study sphere. In contrast to the Pluecker model
used in [4], it generates some nice properties while acting on a sphere.

2.1 Dual Vectors
The set of real numbers R is extended to the set of dual numbers
D:={z=a+e-bla,beR, e =0} (1)

that form a commutative ring with the 1-element. Therefore, € is the dual unit, a the
primal and b the dual part. The set of dual numbers is non-ordered. This implicates an
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issue in a proper definition of a minimization problem. How to treat this challenge, will
be discussed later.
The (there-dimensional) dual vectors

l=r+e-meD? (2)

are an extension of D. The goal is to define a norm in the dual vector’s space.
Therefore, some calculation rules for the addition and multiplication of dual vectors
exist:

10 4@ = (r<1> +r<2>> Te- (mm +m<z>)7 (3)
W@ — (rm . r<2>) +e- (rm m®@ 1L .mm). 4)

The inner product is given by

<l<1)7l<2>> — <r<1>7 ,<2)> te- (<r<1>7m<2>> + <,<2)’m<1>>) (5)

which induces the dual norm

(rym)ps . ()
| 7 [lrs

Dual unit vectors A line in R* can be described by [ = p +s - . In this model, the
momentum vector m = p X r, which depends on the normed direction r, replaces the
local vector p. For this, the line can be represented as (/,m) in line or Pluecker
coordinates. The momentum vector lies perpendicular to r, so the dual norm of a line
fulfills || I ||= 1. Every line corresponds to a dual unit vector. The set of all such vectors
defines the dual unit sphere.

I lp=l L=l 7 (e e

Sp={ Il 1|= 11l € D*} (7)

%, is called the Study sphere. It is a submanifold of D?. Any line in R* can be
mapped in a one-to-one correspondence to a point on S It follows that a ruled surface
in R complies with a continuous curve on 2, (see Fig. 1).

For the illustration of curves lying on S% in the following, there will be drawn two
curves on the real unit sphere S* , one representing the primal and the other repre-
senting the dual part (Fig. 3).

Embedding in REAL Space Another important fact for the following algorithms is
the embedding of the dual vectors into the real space D & R® defined via

1D SRS rem (8)
m
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RB

/A

Fig. 1. Principle sketch of the two representations of a ruled surface: on the left in R* and on the
right as curve on S2, (only the primal part is displayed). One ruling /(¢) is marked

which allows to describe the manifold of %, denoted by Mg; . Because of m € 7,52
(tangential space), this yields f(I) = f(i(1)).

2.2 Geodesics and Minimal Ruled Surfaces

To build lightweight, a minimization problem for the desired structures has to be
solved. For this purpose, we put minimal ruled surfaces already in the beginning of the
algorithms. The only minimal ruled surfaces (except from the plane as the trivial case)
is the helicoid. Helicoids correspond to geodesics on S3,.

If a initial structure is represented by a set of rulings, those equal discrete input
points on S% and can be connected by geodesics. This generates a set of helicoid
patches. A critical point are the transitions between these patches. The geometrical
continuity G* for k € Ny is the criteria to measure them. The kinematics in the next
chapter only generates G%-transitions. This is very poor for technical applications (e.g.
in automobile design G>-transitions are standard). The following interpolation algo-
rithms are implemented to smooth the patches. A fine adjustment between the minimal
surfaces and the smoothing steps brings the best results.

3 Kinematics of Rulings

Due to the lack of order in the set of dual numbers, we are not able to calculate the
shortest connection between two points. So, another path is taken. Great circles can do
the work on the dual unit sphere. The curve segment on a great circle between two
points is a geodesic on the sphere.

In [1], the authors used the method of exponential mapping to describe the kine-
matics of lines. Like explained in [3], they used a one-parameter subgroup of the Lie
group of dual orthogonal matrices, mapping it with the matrix exponential.
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3.1 Dual Rodrigues Formula

A dual version of the Rodrigues formula generates dual geodesics on S%. The formula
is a conclusion of Chasles’ theorem, which combines a rotation with a translation to
describe the kinematics of lines with a screw motion. The relation between two lines is
defined by their inner product (see (5)). Another way to write it is

<l('), 1(2)> =cos(f) —€- 0 -sin(f) = cos(8+¢€- J) =: cos(¢) 9)
with the real shortest distance between the lines ¢ and the angle between their direc-

tions 0. Together they define the dual angle¢ (see Fig. 2). We compute 0 in the known
way and calculate ¢ with the common normal in the Hessian form.

Fig. 2. Depicts two non-parallel lines. The dual angle ¢ = 0+ ¢ - can be composed of the
real-valued components: the angle between their direction 6 and their distance J. The line’s cross
product results in their common normal #n.

The outer product brings
1V % 1®) = sin(¢) x n (10)

with the common normal n between the two rulings.

The Rodrigues rotation formula describes the kinematics of lines on the Study
sphere. There also exist other possibilities like dual quaternions or the Pluecker model.
The research of [6] brings the dual version.

R(t) =1+ sin(¢p-1) - N+ (1 —cos(¢ - 1)) - N* (11)

With the identity matrix I = I3 , the dual angle ¢, N as skew-symmetric dual matrix
describing the cross product of n (representing the rotation axis), and ¢ € [0, 1]. The
term ¢ - ¢ denotes the dual angular velocity.

Applying the rotation on the initial ruling gives the expression
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ug:mnqm:gm¢ﬂ-@xﬂﬂ+mmw.gﬁn (12)
and by using (10), we receive

_ sin(@p-(1—1)) ), sin(¢-1)
1) sin(¢) '+ sin(¢) :

for the method of exponential mapping. This formula describes the motion of a line,

(13)

which results in a ruled surface described by the start position 1V and the end position
1@ 1£ 1Y and 1¥) are parallel, then 6 = 0 and any common normal between the rulings
can be used.

With the dual Rodrigues formula, the algorithm generates geodesics on S%), which

leads to helicoids as minimal surfaces in R®. This method is known as the exponential
mapping in the Lie group SO(3, D) of Euclidean motions, applied for dual orthogonal
matrices.

3.2 Piecewise Geodesic Interpolation

It was possible to find an extended version of Eq. (13), which allows the description of
the ruling, which corresponds to the desired value of ¢ € [0, 1]. First, we have to

distinguish between parallel and non-parallel rulings 1, 1), Without loss of gener-
ality, the condition 1) # 1) holds.

Parallel control rulings For two parallel rulings (V) = () 4 ¢.m() and [?

2 4+ e m® with ¥V = 1. 7@ for a 4 = &1, the continuous motion of 1'V) into 1% is
written as

() = ((1 — gD +t-r(2)) Te- ((1 —1t)-mV —|—t-m(2)>- (14)

It holds 6 = 0 and with the dual trigonometric functions
sin(¢) = sin(0) + € - 9 - cos(0),cos(¢p) = cos(0) — e - d - sin(0), (15)

it follows sin(¢p - 1) = €+ J -t and cos(¢ - t) = 1. This leads to
ug:ﬁ”+e(u—o-ﬂw+pm®) (16)

All rulings are parallel, so in this case the calculation creates a common plane as a
(trivial) minimal surface in R®. Nevertheless, the rulings could alternatively be con-
nected by a helicoid.

Non-parallel control rulings The non-parallel case needs the whole set of calculation
rules in the set of dual vectors. We want to extend the dual Rodrigues formula (13).
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Starting again with [(V) = () 4+ ¢.m(V) and I® = r® + . m® with rV £ 1. r for
all 1 € R, Eq. (13) is expanded to

o) = s (e m)
in(¢-0) + e-1-9-cos(t-0)
+2 sin(())+e-5.ccoosg(()) ' (}"(2> +e- m(Z))

(17)

by using the relations of (15). With sin(0) # 0 and the notation /1(1’4> = Agj)(t),
especially

AV =sin(0) - (1 —1)- 8- cos((1 —1) - 0) —sin((1 — 1) - 0) - § - cos(0),

18
A =in(z - 0) - sin(0), (%)
Ag) =sin(0) -1-0-cos(r-0) —sin(t- 0) - J - cos(0),
the result is
1(r) = sin(0) >y (4710 4 e- (P mO 4P 0)) (19)

i=1

The formula (19) calculates a geodesic on S%, which corresponds to a helicoid with
non-parallel rulings in R?. The upcoming Fig. 3 illustrates that combination.

Fig. 3. Shows on the left the geodesic on S, with the primal part (pink) and the dual part (blue),

computed via (19). Its representation in R> as helicoid can be seen on the right side. Made with
Matlab

The primal part of the geodesic between two parallel rulings is only a point on SZD.

We want to patch geodesics in the process of piecewise geodesic interpolation for a
given set of control rulings [/}, j € N. The transitions between two geodesics are G°-
continuous. A smoothing step is needed for practical usability.
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Recalculate a ruling The selection of a specific 7 € [0, 1] allows the identification of a
corresponding point on the geodesic. In reverse we need to compute the components of
the corresponding line. The unnormed direction 7 (with respect to ¢) is given by the
primal part of (19). The momentum vector /m = p X r can by taken from the dual part
of (19). At least one component of 7 does not vanish (here 73), so local vector’s
components are

pr=—"2pr =" p3=0. (20)

For the other two cases, we get similar results. This identification of the local vector
allows a fitting illustration of the lines in R? like in Fig. 3 (right).

4 Interpolation Algorithms

With the now validated method of exponential mapping, algorithms using minimal
surfaces interpolate shells or certain geometries. The mathematical footing is set.
A problem in this method lies in the transitions. They are just G’-continuous, which is
(far) to less for technical applications. Many technical applications demand smooth
transitions. Therefore, interpolation algorithms, which use smoothing splines, come to
play. But by doing this, the technical-optimal solution loses the property of minimality
in the sense of surface area. The smoothing algorithms in this chapter will present
methods to adjust a good compromise between minimality and continuity.

Smoothing Spline via energy minimizer A first smoothing attempt would be the
energy minimizer, applied to SZD (see [3]), to interpolate with the beneficial slightest
oscillation. For a given set of strictly monotonically increasing timestamps #; € [0, 1]
and points ¢; € M 52> @ smoothing spline 7y, solves the curve-fitting problem.

m

SG) = 906 g P+ 20 P50 a2 p 50 Pa (@)
i=1 0 0

It should be minimized for fixed non-negative 4;, 4, as boundary value problem.
The result of the smoothed geometry in comparison to helicoid patches, computed via
exponential mapping, can be seen in Fig. 4 in R>.

Global geodesic interpolation A global smoothing step over all control rulings would
lead to a helicoid that is minimal but, in general, only touches the first and last control
ruling. This is a good way if the control rulings are close together, so that the designed
shape of ruled surfaces has a small oscillation. Otherwise, some problems can occur. If
we take for example three orthogonal control lines, then the global geodesic will have a
pretty different behavior than the two local geodesics (see Fig. 5). We get rid of the
transitions but lose some properties of the originally form.

The use of Bézier splines is not recommended. They oscillate too much to fulfill
sufficiently the claim of minimality. Another option would be a dynamic relaxation of
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2

o

Fig. 4. Helicoids, designed with the method of exponential mapping on the left and the
smoothing spline on the right side. Cited from [3]

Fig. 5. The image contains a simple problematic example of global geodesic interpolation
between the first and last control ruling on S%: the lose some main properties of the ruled
surfaces. Here, only the primal part of three orthogonal rulings are displayed

the helicoid patches. More information about this can be found in [7]. We implemented
the common algorithms and could speed them up by using the Egs. (16) and (19)
instead of working with the matrix exponential of [1].
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5 Building the Footbridge

In cooperation with the group of Prof. Mike Schlaich at the Faculty of Civil Engi-
neering of the TU Berlin a small footbridge became the testing field for the mentioned
algorithms (Fig. 6). Starting from an idea of Mike Schlaich, the bridge was created as a
shell-like structure from carbon reinforced concrete, composed of patches of skew
ruled surfaces.

Fig. 6. The prototype of a footbridge made of carbon-reinforced concrete. It was designed with
line geometry tools developed for the Rhinoceros3D plug-in Grasshopper and with the FEA
software SOFiSTiK

Design model For the design of the footbridge the tools built upon the line geometry
model have been used. In conjunction with the FEA software SOFiSTiK, an opti-
mization with respect to the load and stress distribution on the bridge was done
properly. As a result of it, the bridge was fabricated out of concrete with a thickness
down to about 6 mm. The whole process was iterative and semi-automatic.

Fabrication of the prototype The production process was split in different stages at
different locations. After the CAD and FEA design, for each element of the bridge (see
Fig. 7) the CAD data was converted into G-Code. Then the formwork from polystyrene
foam was made in Dresden by means of a hot-wire cutter. Unfortunately, the work with
the cutter was rather slow and less accurate than expected. The initial goal was to
realize a shell thickness of 5 mm. But we had to fight with tolerances of about 3 mm.
The formwork elements have then been transported to Berlin. There, in preparation of
the molding, a substructure was erected for the polystyrene foam segments. Finally the
concrete, reinforced with carbon, was poured and filled.

The footbridge prototype was presented at the Footbridge Conference 2017 in Berlin
and tested for a load of 300 kg without failure.
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===

Fig. 7. The composition of 19 parts leads to the footbridge, each one consisting of ruled
surfaces. They have to be cut separately with the hot-wire cutter and patched together for the
concreting

6 Conclusions

For the form-finding of ruled surfaces a line geometry model in the space of dual
vectors, the Study sphere, was used. In this context the one-to-one correspondence
between ruled surfaces in R* and continuous curves on the Study sphere S% proofed to
be a helpful tool.

The core of the used algorithms is the computation of geodesics on the Study
sphere, which correspond to the only minimal ruled surfaces, the helicoids. The
underlying Rodrigues formula was extended to validate the procedure of the expo-
nential mapping.

If a set of rulings is used as an input, this triggers a piecewise geodesic interpolation
on the Study sphere. The result of this starting algorithm is a set of helicoids with G°-
continuity.

There are several approaches to smooth the piecewise geodesic interpolation. One
option is to use an energy minimizer on the Study sphere. We were able to speed up existing
intersection and relaxation algorithms with the extension of the dual Rodrigues formula.

In cooperation with the Faculty of Civil Engineering of the TU Berlin a footbridge
was designed, consisting completely of ruled surface patches. A process combining
CAD and FEA software led to an optimized form. This was done with respect to
minimal material consumption and an efficient stress and load distribution. It was
possible to bring the concrete’s thickness down to 6 mm.

Further research could include other spline techniques like Hermite interpolation (see
[4]) or centered thin plate splines in Riemannian manifolds (see [8]) to get smooth transition
between the patches with less effort. Another open topic is the identification of specific
points on a line in combination with the Study sphere model. This is a requirement to
implement finite elements methods directly into the line geometry model.

It is planned to publish the interpolation methods as an add-on to the Grasshopper
plug-in in the CAD software Rhinoceros3D. A presentation and exploration of the
methods within a design summer school 2018 in Dresden is in preparation.
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with Line Geometry” funded by the German Research Foundation (DFG) as part of the SPP
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